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Abstract 

 

Some further theoretic properties of scheme called 1  non deranged permutations, the permutation which 

fixes the first element in the permutations were identified and studied in relation to admissible inversion in 

this paper. This was done first through some computation on this scheme using prime number 5p  , the 

admissible inversion descent 1( )paid    is equi-distributed with descent number 1( )pdes   and also 

showed that the admissible inversion set ( )iAi   and admissible inversion set ( )p iAi    are disjoint. 

 

 
Keywords: Inversion numbers; admissible inversion; descent number and 𝛤1 − 𝑛𝑜𝑛 𝑑𝑒𝑟𝑎𝑛𝑔𝑒𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠. 

 

1 Introduction  
 

An Inversion of ( , ) ( )i j Inv f  is admissible if either ( ) ( 1)f j f j   or ( ) ( )f j f k  for some 

i k j   which is denoted as ( )Ai f  and the number of admissible inversion f  denoted by 

( ) ( )ai f Ai f  .Permutation statistic has a long history and has grown at rapid pace in the last few decades 
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the subject originated in early 19h century by the work of [1] until [2] extensive study which become an 

established discipline of Mathematics. In the last three decades much progress has been made in discovering and 

analyzing new statistics see for example [3,4,5,6,7,8] studied the representation of 1 -non deranged 

permutation group 1

PG 
 via

 
group character and also established that the character of every 1

i PG 


 
is equal 

to one if 
i e 

 
otherwise p. Also the non standard Young tableaux of 

1 -non deranged permutation group 

1

PG 
has been studied by [9], they established that the Young tableaux of this permutation group is non 

standard. [10] studied pattern popularity in 
1 -non deranged permutations they establish algebraically that 

pattern 
1  is the most popular and pattern 

3 4 5, and    are equipopular in 1

PG 
 they further provided 

efficient algorithms and some results on popularity of patterns of length-3 in 1

PG 
. [11] studied the Fuzzy ideal 

of function f
 1 -non deranged permutation group 1

PG 
 and established that it is one side fuzzy ( only right 

fuzzy but not left) also the α-level cut of f coincides with 1

PG 
 if 

1

p
   . [12] studied ascent on 1 -non 

deranged permutation group 1

PG 

 
in which recursion formula for generating Ascent number, Ascent bottom 

and Ascent top was develop and also observe that ( )iAsc   union 1( )pAsc    is equal to 
1( )Asc  . [13] 

provide very useful theoretical properties of 
1 -non deranged permutation s in relation to excedance and shown 

that the excedance set of all 
i in 1

PG 
 such that 

i e   is  
1

1
2

p  . [14] established that the intersection 

of descent set of all 
1 -non derangement is empty, also observed that the descent number is strictly lessone [15] 

established that inversion number and major index are not equidistributed in 1 -non deranged permutations and 

also established that the difference between sum of the major index and sum of the inversion number is equal to 

sum of descent number in 1 -non deranged permutations. [16] studied standard representation of 1 -non 

deranged permutations and also identified relation to ascent block by partitioning the permutation set in which a 

recursion formula for generating maximum number of block and minimum number of block were develop and it 

is also observed ( )iar   that is equidistributed with ( )iasc   for any arbitrary permutation group. [17] 

established that in 1 -non deranged permutations, the radius of a graph of any 
1  is zero, the graph of any 

1

i pG 
  is null, and by restricting 1, the graph of 1p   is complete. [18] established that the Right 

embracing number of 1 -non deranged permutations of 
i  Re ( )is   is equidistributed with the Left 

embracing ( )iLes   and then Re ( )is   is equidistributed with Re ( )p is    and also observed that the height 

of weighted motzkin path of 
i  is the same as the height of weighted motzkin path of ( )ip des    [19] 

Investigated some algebraic theoretic properties of fuzzy set on 
'

pG  using constructed membership function of 

fuzzy set on 
'

pG  and established the result for algebraic operators of fuzzy set on 
'

pG  which are algebraic sum, 

algebraic product, bounded sum and bounded difference and also constructed a relationship between the 

operators and fuzzy set on 
'

pG . More recently [20] studied partition block coordinate statistics on 1 -non 

deranged permutations and observed that left opener bigger block ( )ilobTC   is equidistributed with right 

opener bigger block ( )irobTC  .Hence we will in this paper show that admissible inversion set ( )iAi   and 

admissible inversion set ( )p iAi    are disjoint we also show that 1( )paid   (admissible inversion descent) is 

equal to 1( )pdes    ( descent number). 
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2 Preliminaries 

 
Definition 2.1 [15] 

 

Let   be a non empty set of prime cardinality 5p   such that N  A bijection  on   of the form 

 

1 2 3 . . .

1 (1 ) (1 2 ) . . . (1 ( 1) )i

mop mop mop

p

i i p i


 
  

      
 

is called a 1 -non deranged permutation. We denoted 
pG to be the set of all 1 -non deranged permutations. 

 7 1 2 3 4 5 6, , , , ,G        is the set of all 
1 -non deranged permutations where 7p 

 
 

By definition 2.1, 
7G is generated as follows 

 

 1

1 2 3 4 5 6 7

1 2 3 4 5 6 7


 
  
   

 

 2

1 2 3 4 5 6 7

1 3 5 7 2 4 6


 
  
   

 

 3

1 2 3 4 5 6 7

1 4 7 3 6 2 5


 
  
   

 

 4

1 2 3 4 5 6 7

1 5 2 6 3 7 4


 
  
   

 

 5

1 2 3 4 5 6 7

1 6 4 2 7 5 3


 
  
   

 

 6

1 2 3 4 5 6 7

1 7 6 5 4 3 2


 
  
 

 

  

Definition 2.2 [15] 

 

The pair pG  and the natural permutation composition forms a group which is denoted as 1

PG 
.This is a special 

permutation group which fixes the first element of .  
 

Definition 2.3 [8] 

 

An inversion of permutation 
1 2 3 . . .

(1) (2) (3) . . . ( )

n
f

f f f f n

 
  
 

 is a pair ( , )i j  such that i j and 

( ) ( )f i f j .The inversion set of f , denoted as ( )Inv f , is given by 
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 ( ) ( , ) :1 ( ) ` ( )Inv f i j i j n and f i f j     , the inversion number of f , denoted by 

( ) ( )inv f Inv f . 

 

Example 2.1 

 

For 4  in 1

5G

 
 

 4

1 2 3 4 5

1 5 4 3 2


 
  
 

  

 

 
 4

4

( ) (2,3), (2,4), (2,5), (3,4), (3,5), (4,5)

( ) 6

Inv

inv








 

 

Definition 2.4 [21] 

 

An Inversion of ( , ) ( )i j Inv f  is admissible if either ( ) ( 1)f j f j   or ( ) ( )f j f k  for some 

i k j  which is denoted as ( )Ai f  and the number of admissible inversion f  denoted by ( ) ( )ai f Ai f  

. 

 

Example 2.2 

 

For 3  in 1

5G

 
 

  

 

3

3

3

3

1 2 3 4 5

1 4 2 5 3

( ) (2,3), (2,5), (4,5)

( ) (2,3), (2,5)

( ) 2

Inv

Ai

ai









 
  
 







  

 

Definition 2.5 [13] 

 

A descent of permutation 
1 2 3 . . .

(1) (2) (3) . . . ( )

n
f

f f f f n

 
  
 

 is any positive i n  (where i  and n 

are positive integers and the current value is greater than the next), that is i  is an descent of a permutation f if 

( ) ( 1)f i f i  .The descent set of f , denoted as 

 

( )Des f , is given by  ( ) : ( ) ` ( 1)Des f i f i f i   .The descent number of f , denoted as ( )des f , is 

defined as the number of descent and is given by ( ) ( )des f Des f
 

 

Example 2.3 

 

For 5  in 1

5G
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 5

1 2 3 4 5 6 7

1 6 4 2 7 5 3


 
  
   

 

 

 4

4

( ) 2,3,5,6

( ) 4

Des

des







  

 

3 Main Results 

 

In this section, we present some admissible inversion results of subgroup 1

PG 
 of pS  (Symmetry group of 

prime order with 5p  ). 

 

Proposition 3.1. 

 

Let 1

1 1, p PG  

  . Then the 

 

 1 1( ) ( ) 0pai ai   
 

 

Proof. 

Since the admissible inversion is a subset of inversion, and it is trivial that 1( ) 0,inv   hence 1( ) 0.ai  
 
For 

1 1 2, ,...p pa a a    it can be written as 1 1, ,( 1),...,2p p p     and from this we can see there is no 

1k ka a   or k ma a  for some j m k   in the set  ( , ) : .j ki j j k and a a   Hence, 1( ) 0pai   
  

 
 

 Remark 3.2 

 

It is trivial that 
1( )Inv  

 
since there is no j ka a  for j k  also

1( ) 0inv   and admissible inversion is a 

subset of inversion therefore
1( ) 0ai   . 

 

Corollary 3.3 

 

Let 1

1 1, .P PG  

   
Then the 

 

1 1( ) ( )pAi Ai   
 

 

Proof. 

 

By Proposition 3.1 

 

1 1( ) ( ) 0pai ai   
 

 

 Since 

 

1 1( ) ( ) 0ai Ai  
 

 

And 
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 1 1( ) ( ) 0p pai Ai   
 

 

Therefore 

 

 1 1( ) ( )pAi Ai   
 

  

Proposition 3.4 

 

Let 1

PG 
 be a 1 -non derangement permutations, Then  

 

 
2 2( ) ( )Ai Inv 

 
 

Proof. 

 

Given 2 1 2, ,... pa a a  The inversion of
i  is the set of the pairs ( , )j k

 
with j k

 
while the admissible 

inversion
 
Ai

 
is a subset of inversion in which ( , )j k Ai

 
is

1k ka a 
 
or ( )ka a m

 
 

for some .j m k 
 
so

3
,...

2

p
p

 
 
   

are the members of 
ka  and are less than their respective 

 

1ka 
except pa therefore they are all in 

iA except pa but pa takes the inversion 
1

, .
2

p
p

 
 
 

Hence it is also 

admissible inversion of 2 and by embedding the 'kA s and pA the result follows  

 

Remark 3.5 

 

From Proposition 3.4 we can deduce that 
2 2( ) ( )ai inv   and also that 

2( )ai   is equi-distributed with 

2( )inv 
 

 

The admissible inversion descent of permutation f  is the sum of the cardinality of admissible inversion and the 

cardinality of descent that is
 

( ) ( ) ( )aid f ai f des f    

 

Example 

 

For 3  in 1

5G

 

 

 

 

 

3

3

3

3

3

3

3

1 2 3 4 5

1 4 2 5 3

( ) (2,3), (2,5), (4,5)

( ) (2,3), (2,5)

( ) 2

( ) 2,4

( ) 2

( ) 2 2 4

Inv

Ai

ai

Des

des

aid















 
  
 











  
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Proposition 3.6 

 

Let 1

1 .p PG 

   
Then the 

 

 
1 1( ) ( )p paid des  

 
 

Proof. 

 

From proposition 3.1 We have that the 
1( ) 0,pai     and recall the ( ) ( ) ( ),i i iaid ai des   

 
hence the result follows.  
 

 Remark 3.7 

 

The above Proposition implies that 1( )paid    is equi-distributed with 1( ),pdes    and also for 
1  

 its descent number i.e. 
1( ) 0des    and 

1( ) 0ai   . This implies that 
1 1( ) ( ) 0.aid des    

 

Proposition 3.8 

 

 Let 1

PG 
 be a 1 -non derangement permutations, Then  

 

( ) ( )i p iAi Ai   
 

 

Proof. 

 

Given 1 2 1...i p pa a a a 
 
the 1 1 2... .p i p pa a a a   The inversion of 

i  is the set of the pairs ( , )j k with 

j k  such that j ka a , but looking at 1p   and restricting 
1a  it is the reverse of 

i , therefore their 

inversion are disjoint. But admissible inversion is a subset of inversion. Hence, 

 

( ) ( )i p iAi Ai   
  

 

Corollary 3.9 

 

 Suppose that 1

PG 
 is 1 -non derangement permutations, Then 

 

 

 

1

1

1

( ) ( )
p

p i

i

Ai Ai 






 

 
 

Proof. 

 

From proposition 3.8 1( ) ( )i pAi Ai     So, in this case we want to show for any 1

PG 

 
there exist i

and p i   since their intersection is  , then intersection of empty set with any set is also empty set, we already 

know that 1

PG 

 
is defined for p  is prime and 5p  , and we donate each set  1

1 1,...,P pG  

 , from 

this we can see that for any 1

PG 

 
we have atleast 1  and 1p  .  
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Proposition 3.10 

 

Let 1

5 .i G 


 
Then the 

 

 

1

1

1

( ) ( ) 1
p

p i

i

inv ai 






 
 

 

Proof. 

 

Given 1

1 5p G 

  , the 
1( ) 2 4.pinv p    , we already know that  1

5 1 4,...,G  
 , where 

1 1( ) ( ) 0pai ai   
 
and 

2( ) 2ai p  
 
while 

3( ) 3ai p   , summing them we have  

 
1

1

( ) 0 ( 2) ( 3) 0 2 5
p

i

i

ai p p p




          

 

 

1

1

( ) 1 2 5 1 2 4
p

i

i

ai p p




     
 

 

 1( )pinv  
  

 

4 Conclusion 

 

This paper has provided very useful theoretical properties of this scheme called 1 -non deranged permutations 

in relation to the admissible inversion. We have shown that admissible inversion set ( )iAi   and admissible 

inversion set ( )p iAi    are disjoint we also shown that 1( )paid   (admissible inversion descent) is equal to 

1( )pdes    ( descent number). 

 

Further Research 

 

pG  defined above is subgroup of extra ordinary group of group theory. One can find number of subgroups of 

order 4 using [22]. 
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