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In [1] we can find some formulas of binomial combinatorial convolution sums. Starting from these
formulas, we obtain various binomial combinatorial convolution sums.
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1 Introduction

Let N denote the set of positive integers. Further, let N,d € N and s,r, kK € NU {0}. Throughout this
paper, we define

gs(N);:st, osr(N; k) := Z d’, o;(N):= Z .
dIN

d|N AN
d=r mod k N/d odd
We note that
O-S(N):US,I(N;2)+0-5,O(N;2) (11)
and
05,1(2N;2) = 051(N;2), 0s0(2N;2) =2°04(N). (1.2)
Moreover we can deduce the property
0:(2N) =2°0;(N) and oi(2N)=0s(2N)—os(N). (1.3)

For a,b,n € N, let us define the convolution sum

Sap(n) = i ga(m)op(n —m).
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Ramanujan showed that the sum S, ,(n) can be evaluated in terms of
Garbvi1(n), 0arp_1(n),...,03(n), o1(n) for the nine pairs (a,b) € N? satisfying
a+b=2,4,6,8,12, a<b, a=b=1 (mod 2). For example, explicitly, we know (see [2]) that

691 1 1 691
1160 = ggzgga() + (5~ g77) o) ~ gz 04
and (see [3])
1 1 1
53,9(77,) = m013(n) — %O‘g(n) + ﬂa‘g(n) (15)

From [4], we note that for any integer n > 3, we have

Z mamao1(mi)o1(me)oi(ms)

(m1,mso ,'mg)ENS
mi1+mo+mz=n (1 6)

= 988 ("2‘75(") + (n® —4n*)os(n) — (n° — 3’]’L4)0'1(n)) )

For an elementary proof of (1.4) and (1.5), we refer to [1]. An another interesting arithmetical identity
(which was stated by Ramanujan) see [2], for some analytical proofs of this identity, one may refer to
[5,6 and 7], also [1] is ; for n € N, we have

n—1

Z c1(2m + 1)os(n —m) = %05(271 +1) - %03(271 +1). (1.7)

m=0

We introduce the very important Proposition 1.1, which is the starting point of our paper.

Proposition 1.1. (See ([1], Theorem 12.3)) Letk, N € N. Then

k-1 N-1
(23 + 1> <mz:l O2k—2s—1(M)o2s41 (N — m))

s=0
2k + 3 k 1 2k +1

= — - — — N
4k+202k+1(N)+ <6 N) o2k 1(N)+2k+1j§2( 9 >B2302k+1 2 (IN).

In Section 2 we obtain some results about the binomial combinatorial convolution sums similar to
Proposition 1.1. For instance we have

Z g2s+1 (25 N 1) Z Ook—2s—1(N — 2m)oasi1(m)

m<%

and

k—1
Z 92s+1 (25 N 1) Z o2k—25—1,1(N — 2m; 2)o2511(m)
s=0

m<N

(see (2.7) and (2.8)).
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Theorem 1.1. Letk, N € N. Then we have

Z 2 (25+1> D Tak2em1a (N = mi 272011 (m)

m<N
_ 1
T 24k + 12

~3 {22<k+1)(k + Doorsr (V) — (2k + 3)oar1 (2N)

k k
2k+1 2k+1
+ 22k+1 Z < 2] >sz02k+12j(N) — 22 < 2] >BQ]‘O'2]9+12]'(2N)

Jj=2 Jj=2

2k 2k+1— ] .
. U+ 1\ [(2k—j+1
+ E E ]+ 2]B < J > < N >O‘2k+1_j_7«71(N;2)}:| .

Finally, in Section 3 we consider the convolution sums

[(2k +1)(k — 12N)o2k—1(2N) — 4% (2k + 1)(k — 6N)oai_1 (N)

—( 2k
<25—|—1> Z 02k—2s—1(N — 2m)o2st1,1(m; 2)

m< >
and
k—1
2 <23 L 1) m;\] o2k—2s—1(N — 2m)o2s+1(2m)
for odd N.

2 The Binomial Combinatorial Convolution Sums

To prove Lemma 2.1 we need Proposition 2.1.

Proposition 2.1. (See [1]) Let f : Z — C be an even function. Let N € N. Then we obtain
Y. (fla=b)~fla+D)

(a,b,z,y)EN*
ax+by=N
a,b odd
* * 1

= f(0) (61(N) = 0(N)) = 5 dodfd)-2) > [
deN deN teN
d|N d|N 1<t<d
d even d odd t even

Lemma 2.1. Letk, N € N. Then we have
(a)

k-1 N-1 N
_ o2k—1
SZ (28 N 1) Z o2k—25—1,1(m;2)02s+1,1 (N —m;2) = 2 ookt1(— 5 )

=1
2k 2k+1

1 21\ (2 +1—7) .
Z ”( ; )( r ]>2JBjU2k+1—j—r,1(N;2)~
r=0

=0 J
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= 2%\ N
(28+ ) Z_ mo2k—2s— 11(m 2)025+1 1(N m; 2) 22(1671)]\/'021@-»-1(5)

2k 2k+4+1—j3 .
N o2k 1\ (21—,
tSkt4 (—1)7* ( - ) ( ‘7> 2’ Bjook+1-j-r1(N;2).

r
j=0 r=0 J

Proof. (@) We apply f(z) = =¥ in Proposition 2.1. Then the left hand side is

> la-n-sa+)= Y (@-5*-(@+p*)

(a,b,z,y)EN? (a,b,z,y)EN*
ax+by=N az+by=N

a,b odd a,b odd

2k 2k
— Z (Z <2k> (71)ra2k7rb'r _ Z <2k> a2k7~br)
T T
(a,b,z,y)eNt \r=0 r=0
ax+by=N
a,bodd

2 o (2.1)
=92 Z Z ( . >a2krb'r

(a,b w,y)EN4 = %

azt-by= r od

a,b Odd

2k—2s—1;2s+1

= -2 a b .

(%) %
(a,b,x,y)eN?
az+by=N
a,b odd
Here we can observe that
N-1
Z a2k—25—1b25+1 — Z Z a2k—23—1 Z b25+1
(a,b,z,y)eN* m=1 alm b|N—m
az+by=N a odd b odd

a,bodd

N—
Z Oak—25-1,1(mM; 2)02s+1,1 (N — m; 2).

So (2.1) becomes
N—-1
-2 Z (25 + 1) mzzl Jgk_gs_l,l(m; 2)0’23+1,1(N —m; 2) (22)
And the right hand side of Proposition 2.1 is
1 2k+1 2k
-3 A2y (2.3)
d|N d|N 1<t<d
d even dodd teven
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Then we have

1 ok+1 1 YL g2k 241 o2k N
R IL R PIICY 2 = o (3)

d|N 20|N uy
d even

and

_222t2k:_ Zi _22k+12§l2k

d|N 1<t<d d|N 1=1 dIN 1=1
dodd teven d odd d odd
2k 2k+1—j
1 i(2k+1 d—1
— _22k+1 -1 7 B. (7>
% 2k +1 ;( ) j T\ 2
d odd
27 B : )
]+1 < ) 1 Z(d o 1)2k+17‘7
7 ood (2.4)
2k+1—
J+1< 1) 2’ B; Z Z - (21@ +1- >(_1)rd2k+1—j—r
= le r=0
d odd
2k+1—j
2k +1\ 2/B; 2k+1—
]+1< ) 1 Z ( J) ) ookt1—j—r1(N;2)
= r=0
g 2k+1\(2k+1—j\ 2/B;
= Z ( 1)J+T+1 ] > ( . > 2k 02k+1 —j—r 1(N 2)
j=0 r=0

Therefore (2.3) becomes

2k 2k+41- ] ) ;
r 2k+1\ (2k+1— 2’ B
— 2% o1 (%) + E E 1)7* +1< . > < ]> % +]1 O2k41—j—r1(N;2).

j=0 r=0 J r
(2.5)
Equating (2.2) and (2.5), we obtain
k—1 N— N
2 <25+ 1) Z_ O2k—2s—1,1(m;2)02s+1,1 (N — m;2) = 22k U2k+1(5)
2k 2k+1 k k (2.6)
2 1)\ (2 1—34\.,
b < ]+ >< +7" J) 2’ Bjoakt1-j-r1(N;2).
j=0 =0

(b) We have

k-1 ok N-1
2 (23 N 1) T;mUQk—2s—1,1(m§ 2)o2s+1,1(N —m;2)

k-1 N-1
N 2k

= — O2k—25—1,1 (N — m;2)o2s41,1(m; 2),
2 2\ 25 4 1) mZ:1
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since

2

1
Mmoak—2s—1,1(M; 2)02s41,1 (N — m;2)

3

-1

N—

Z (N —m)oak—2s—1,1 (N — m;2)o2s41,1(m;2).
—1

H

Therefore, we use Lemma 2.1 (a).

Lemma 2.2. Letk, N € N. Then we have
(a)

k—1 N-1
Z O2k—25—1,0(m; 2)02541,0(N — m; 2)
<23 + 1> —

Ss=

2k + 3 N k N N
= 2% { + ookt1(—=) + (* - 7) U2k—1(5)

4k + 2 2 6 2
k
1 Z 2k +1 N
2 +1= ( 2j >B2ja2k+12j(2)} .

k—1 N_1
2 (23+1> Zlmozk 25—1,0(mM; 2)o2511,0(N — m; 2)

 o2k—1 2k +3 N k N N
=2 N{4k+202k+1(§)+ (8*5) U2k—1(5)

k
1 % + 1 N
Tokt1 ; ( 2j >32j”2’c“2j(2)}'

Proof. (a) From (1.2) we obtain

k

rn

1
<2s+ 1) Z O2k—25—1,0(m;2)02541,0(N — m; 2)
N-—m

—1
— 22k 2s—1 . 228+1 .
= <2s+1> Z oa-2e1(5) 2 o (F5)

m=1
N-1
N
_ 92k A
= E (23+ 1) mEZIU'Qk—2s—1(m)U2s+1( 5 m).

So we use Proposition 1.1.
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(b) We obtain

Eel g\ Nl
(25 N 1) Z moak—2s—1,0(m;2)02511,0(N — m; 2)

s=0 m=1
k—1 N—-1
N 2k
= E —25-1,0(N —m;2)o2s ;2),
2 2 2S+1> m:10'2k 25—1,0( m; 2)o2s+1,0(m; 2)
since
N-1

Moak—2s—1,0(m; 2)o2s41,0(N —m; 2)

(N —m)oak—2s—1,0(N — m;2)o2s+1,0(m;2).

3
I}

Therefore, we refer to Lemma 2.2 (a).

Corollary 2.3. Letk, N € N. Then we have

(@)

k

-1 2% N-1
ZO <2s + 1) ;U%fzsﬂ(m)Ust,o(N - m;2)

s=

- m [(Qk 4 1) (k — 6N)om1 (N) + 452k + 1) (k — 3N)02k_1(%)

N
+3 {22k+102k+1(5) + (2k + 3)o2k+1(NV)

k k
2k+1 N
+ 22k+1 § ( 2] )32j02k+12j() + 2

. 2 .
Jj=2

J

2k +1
. | Bajoak+1-25(N)
2\ 2
2% 2k+1—j

- Z Z (-1)t"27 B, <2kj+ 1) (2k _7:7 * 1) O2k+1—j—r,1 (N5 2)}} :
i=0 =0
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k—1 2% N-1
yard <28 + 1) mZ:10'2k—2.s—1,1(m; 2)023+170(N — m72)

k—1 o N-1
= . (23 n 1) mZ=102k7287170(m;2)023+171(N —m;2)

s=

= Wlﬂz [(2k +1)(k — 6N)oos—1(N) — 4"(2k + 1) (k — 3N)02k,1(%)

N
=3 {FE 4 Do () - @+ 3)omn ()

k k
2k+1 N 2k +1
4 92k+L Z ( Ny )B2j02k+1—2j(2) - 22 ( 2j >32j02k+1_2j(N)
j=2

=2

2k 2k+1—j ‘
. 2% +1\ 2k —j+1
+Z Z 12 B, ( j ) ( ! )U%Hjm(N; 2)” :

r

Proof. (a) From (1.1), we can write

k-1 ok N_1
<25 n 1> 7;021972571,1(771; 2)o2s11.1(N —m;2)

- i <252—I}€— 1) Z_ {o2k—25—1(m) — T2k —25-1,0(m;2)}

=0 m=1
x {o2s 1 (N — m) — 02s41,0(N —m;2)}

) <25—|— 1) Z O2k-25-1(M)02511 (N —m)

s=0

722 (25+ 1) Z Oak—2s—1(M)02s+1,0(N —m;2)

k-1 N-1
+ (23 N 1) mZ:lU2k72sfl,0(m; 2)o2s11,0(N —m;2),

s=0

since

el
|
-

(]

2%k ) =
2s + 1) Z Oak—2s—1(mM)02s11,0(N —m;2)

m=1

—1 2%k N—-1
= Z O2k—25—1,0(m; 2)o2541(N — m).
: <2s + 1) =

s=

o
Il
~ O

Thus we use Proposition 1.1, Lemma 2.1 (a), and Lemma 2.2 (a).

903



British Journal of Mathematics and Computer Science 4(7), 896-911, 2014

(b) Since

Ead

ok \

<28 L 1> Z O2k—25—1,1(m; 2)254+1,0(N — m;2)
-1

<25+ 1) Z T2k—25—1(M)T2s+1,0(N —m;2)

=1/ o\ Mol
- Z (28 + 1) Z O2k—25—1,0(m; 2)02s41,0(N — m;2),

M
> O

s=0 m=1

therefore we refer to Lemma 2.2 (a) and Corollary 2.3 (a).

Remark 2.1. We can rewrite Corollary 2.3 (a) and (b) as follows :

k—1 N—-1
o s N —m;2
2 <2S+1> Zazk 2s—1(m)o2s+1,0( m;2)
N—m
. 22s+1 R
> <2s+1> 20% 25—1( oas41( 5 ) (2.7)
1

k-1
g2s+1 (25+1> Z Ook—2s—1(N — 2m)oasi1(m).
=0

m<7

E En

s

Similarly,

0
k—1 (2.8)
- g2s+1 <23 N 1) Z Tok—2s—1,1(N — 2m; 2)o2s11(m).

m<—
Corollary 2.4. Letk, N € N. Then we have

(a)

k-1
ZQ2S+1 (25+ 1> Z 02k—-25—1,0(IN — 2m; 2)o2511(m)
s=0

2k—1
= m {(Qk + 1)(k — 3N)oak—1(

K
2k +1
+6'Z< 2 >sz02k+1—2j(

=2

)+ (6K + 9z (5)

=

)
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k—1
2225+1 <28+1> Z O2k—2s—1,0(IN — 2m;2)02s41,0(m; 2)
s=0 m<—

4k

=y [(21: +1)(k - 3N)O'2k—1(%) +4"(2k + 1) (k — gN)g%fl(

)

==

)

k

2k+1 N 2k +1 N

+ 2%k H1 E ( >B2j0'2k+1—2j(4)+2 E ( 9 >32j02k+1—2j(2)
=

2k 2k+1—j .
_Z Z 1)1/ B; <2k]+ 1) (2k _:+1>0'2k+1 —j- 7‘1(% 2)}}

N N
+3 {22k+102k+1(z) + (2k + 3)o2k41(+

— 92s+1 . .
Z (23 + 1) Z o2k—25—1,0(N — 2m; 2)02s41,1(m; 2)

s=0 m<%
1

~ 48k + 24

{16'“ {2k(3N — 1) + 3N — 4k*} U2k—1(%)

N N N
4 %1 {(zk +1)(k=3N)ozk-1(5) =3 22k+102k+1(z) +3(2k + 3)o2rr1 (5

5)
"2k +1 N "2k +1 N
— 3. 9%k+1 E ( 9 >B2j02k+1—2j(4) +6 E ( 9 )BQjU2k+l—2j(2)

j=2 j=2
2k 2k+1—j .
. 2k+1\ (2k—j+1 N
SE & (U ]

Proof.  (a) We can see that

k—1
2223-"1 (25+1) Z 2k—25—1,0(N — 2m;2)o2541(Mm)

s=0 m<7

k—1
_ Z g2s+1 (25 N 1) Z oar—25—1(N — 2m)o2s+1(m)
s=0

m< 5 N

k—1
_ Z 225+1 <25 N 1> Z O2k—2s5—1, 1 — 277’1,; 2)023+1(m).
s=0

m<7

Thus we refer to (2.7) and (2.8).
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(b) Since

k-1
Z 92+l (25 N 1) Z Oak—2s—1,0(N — 2m; 2)o2s41,0(m; 2)
s=0

m<N

k-1
N m
_ g2k 92s+1 . g (m
; 2s+1 Z O2k—2s—1( m)02+1(2)
k-1 N
22kz225+1( oot ) Z Ook—2s—1(= 72m)023+1(m),
s=0

'm<7

therefore we use (2.7).
(c) We note that

— g2s+1 . .
ZO (28+ 1) Z O2k—2s—1,0(N — 2m; 2)02541,1(M; 2)

m<%
k—1
= Z 92s+1 <25 N 1) Z 2k—25—1,0(IN — 2m; 2)o2541(m)
s=0 m<—

k—1
_ Z 92s+1 (25 N 1) Z Ook—2s—1, 0 — 2m; 2)Uzs+1,o(m; 2).
s=0

m<7

So we apply Corollary 2.4 (a) and (b).

O
Proof of Theorem 1.1. Let N = 2L in (2.8). Then, by (1.2), we have
k—
Z 25+1 (25 N 1) Z O2k—25—1,1(2L — 2m;2)o2s+1(m)
=0 m<L
k—1
SZ g2s+1 (25+1) ;g% 25—1,1(L — m;2)o2s41(m).
So we refer to Corollary 2.3 (b).
O
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Corollary 2.5. Letk, N € N. Then we have
(a)

k—1 2k N-1
2225+1 < ) Z O2k—2s—1(2m — 1)o2s41(N —m)
— 254+1] ~

1
= a1z [k + D) (k= 62N = 1) o2e—1(2N — 1)
2k +1
(2k 4 3)ooks1 (2N = 1) + QZ Bajooky1-2;(2N — 1)
=\ Y

2k 2k+1—j .
—Z Z 1yitrai, <2k+ 1) <2k:—j + 1)02k+1_j_r(2N_ 1)}] '
r= J r

N-1
Z 223+1 (25 L 1) mz:l U2k_23_1(2m)025+1(N — m)
T ) . )
T 24k + 12 [(Qk +1)(k —12N)o2x—1(2N) + 47 (2k + 1)(k — 6N )o2k—1 (V)

+3 {22k+102k+1(N) + (2]{: + 3)02k+1(2N)

k k
. 2k +1 2k +1
4 22k+1 Z < 2;— >B2j02k+12j(N) + 22 ( 2;— >B2j02k+12j(2N)

=2 =2

2k 2k+1— J j

Proof. (a) Let N =2L —1in Corollary 2.3 (a). Then we have

[

k—1 2L—1
0 (28 + 1) Z 02k-25-1(M)02641,0(2L — 1 = m; 2)
k—1 L—1
<2s n 1> Z Ook—2s—1(2m — 1)o2s11,0(2L — 2m; 2)

=0

1
<28—|—1> ZO’zk 2s—1 mel) 22S+1023+1(L7m).

s=0

(b) Let N =2L in Corollary 2.3 (a). Then we have

ko EIJ

N
( ) Z O2k—25—1(M)02541,0(2L — m; 2)
2k
Jr
2k

m=

—1
> O2k—25—1(2m)02s41,0(2L — 2m; 2)
> O2k—2s—1(2m) - 225+1025+1(L —m).
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3 Convolution Sums for Odd N

In this Section we find some convolution sum formulas for odd N € N.

Theorem 3.1. Let N be a odd positive integer. Then we have

k

1
2k
Z (28+ 1) Z OQk—Qs—l(N*2m)023+1,1(m;2)

s=0

m<%
2k 2k+1—j )
__1 i vt (21 (2k+1— _
_8“4; ; 2(=1)’"" B, i . Cokt1—j—r(N).

Proof. For odd N, we have

Y. (fla=b)—fla+b)

(a,b,z,y)EN*
ax+by=N
a,b odd

= D (fla=b) = fla+b)+2 > (fla—=0b) = fla+1D))
(a.b,2,y)eN? (a,b,z,y)EN?
ax+by=N az+by=N
a,b odd a,b odd
z,y odd z odd

y even
+ ) (fla=b)—fla+b)
(a,b,z,y)€N4
azr+by=N

a,b odd
.,y even

=2 Y (fla—b)— fla+b)),

(a,b,z,y)EN?
az+by=N
a,b odd
x odd
y even

since there are no elements in A(N) and B(N) where

A(N) :={(a,b,z,y) € N*|az + by = N with odd a, b, z, y, and odd N'}

and

B(N) := {(a,b,z,y) € N*|ax + by = N with odd a,b, and even z,y, and odd N}.

This concludes that

2 Y (fla=b)—fla+b)= > (fla=b)~fla+D)), (3.1)
ax+by=N ax+by=N

a,b odd a,b odd

2 odd N odd

Nodd

so we need Proposition 2.1 and let f(z) = 22" in (3.1). As the same manner in (2.1), the left
hand side of Eq. (3.1) becomes
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2 Z (f(a—0b) — fla+b)) = _42 <252_IT_ 1> Z g2F—2s—1p2stl

ar+by=N s=0 ar+by=N
a,bodd a,b odd
z odd x odd
y even y even
N odd N odd (32)
k—1
2k
=—4 E 926 4 1 E o2k—2s—1 (N — 2m)oasy1,1(m; 2),
s=0 TVL<%
N odd

since

2k—2s—1;2 1 2k—2s—1;2 1
§: ak: s bs+: 2: ak: s bs+

ar+by=N ax+2by=N
a,bodd a,b,z odd
z odd N odd
y even
N odd

_ q2k—2s-1 p2etl
IR DD ;

m< N a|N—2m m
Z .2.,00d b odd
—2m
—— "+ odd

= Z O2k—2s—1,1(N = 2m;2)02541,1(m; 2)
m<%
N odd

N odd

N —2m
= Z (021%2571,1(]\7 —2m;2) — 02k72571,1(T§2)) o2s+1,1(m; 2)
m<ﬂ
N odd
= Z oak—2s—1(N — 2m)o2si1,1(m; 2),

'm<%
N odd

where we use (1.3) and o,,1(0dd; 2) = os(0odd). And by Proposition 2.1 and (2.4), the right hand
side of (3.1) becomes

S (fla-b) - flatt)=—23 3 &

az+by=N dIN 1<t<d

a,bodd dodd teven

N odd N odd (3.3)
2k 2k+1—j . ;

SSOS apre (RN (PR LAY 2By

poar i j r 2k + 1 T

Equating (3.1) and (3.3), we obtain the proof.
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Corollary 3.2. Let N be a odd positive integer. Then we have

k

1
<25+1) Z O2k—25s—1(N — 2m)oas+1(2m)

m<N

Il
<}

S

k-1
<2s+1> Z Ook—2s—1(2m — 1)o2s1 (N — 2m + 1)

s=0 m< ¥ 4
1
= m{(% + 1)(k — 6N)o2k—1(N) + 3(2k + 3)o2k+1(N)
k
2k+1
+6jz:; < 2 >BQj02k+1—2j(N)}.

Proof. By (1.1) and (1.2), we can rewrite Theorem 3.1 as

k—1

Z <2s+1) Z ok—2s—1(N — 2m)o2st1,1(m; 2)

rr

b
[

I
i™

(25+1> Z O2k—25— 1 72m)025+1,1(2m; 2)

m<N

>~
,_.

[
1M

m<%

R‘
,_.

3
Il
=}

<25 N 1) Z Ook—25s—1(N — 2m) {02541(2m) — 02541,0(2m; 2)}

s+1> Z O2k—2s—1(N — 2m)o2s41(2m)

m<%

k—1

+2223+1 (2 +1> Z Oak—25—1(N — 2m)oast1(m).
s=0 5 m<N

Therefore we use (2.7).

4 Conclusions

Expanding K. S. Williams’ result

Z (25 + 1) (Z_ O2k—2s—1(mM)o2s+1 (N — m))

s=

k
2k +3 k 1 2k +1
= MU%H(N) + (6 - N) oar—1(N) + 1 E ( 9 >32]02k+1—2](N)

(see Proposition 1.1), we obtain some similar formulas for odd and even divisor functions, mainly
we show
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k—1

s 2k
E 22 +1 (25 N 1) E g2k_23_1’1(N —m; 2)025+1(m)
s=0

m<N
. 1
24k 412

~3 {22<k+1>(k 1)1 (N) — (2k + 3)oks1 (2N)

k k
2k+1 2k+1
+ 22k+1 § < 2J >BQj0'2k+12j(N) -2 E < 2] >ng02k+12j(2N)

[(2k +1)(k — 12N)o2k_1(2N) — 4% (2k + 1)(k — 6N)oai_1 (N)

=2 =2
2k 2k+1—j .
s 2k +1 2k —j5+1
+> 0> (1B ( i > ( T] >U2k+1—j—r,1(N; 2)}]
j=0 r=0

in Theorem 1.1.
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