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ABSTRACT 
 
This paper uses two-stage game theory to analyze the relationship between tax evaders and 
government regarding air pollution emissions. The production function of a firm in a perfectly 
competitive market was first considered. Then, the backward induction method and the Cramer rule 
method to determine the optimal subgame perfect equilibrium in the two-stage game and investigate 
the relationship between firms' tax evasion behaviour and tax variables. This study discovered that 
the stronger the spillover effect on firms engaging in air pollution control, the higher the tax rate 
levied by government should be. When firms are in a perfectly competitive market and the financial 
policy instruments (i.e., air pollution tax and subsidy rate) are known, the conditions for economic 
stability can be established. 
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1. INTRODUCTION 
 
Tax erosion occurs for various reasons. Some 
articles have argued that it is caused by high tax 
rates imposed by governments, which entices 
taxpayers to report an income that is 
considerably lower than their actual income (i.e., 
concealed income); some have remarked that 
high tax rates prompt taxpayers to shift their 
operations from on-the-ground markets to 
underground markets, which increases tax 
evasion behaviour; and others have argued that 
when concealment costs are lower than the 
probability of getting caught multiplied by the 
financial penalty of the concealment, tax evasion 
behaviour will likely ensue, increasing tax 
erosion. [1]. Firm-related tax evasion behavior 
involves other factors, including the external 
costs incurred by firms’ pollution emission, 
companies’ pollution-related tax evasion, firms’ 
expected utility arising from uncertainty in the 
probability of being caught for evading taxes, and 
the effect of other firms’ tax evasion behavior on 
representative firms’ decisions to engage in tax 
evasion behavior. These topics were explored in 
this study. 
 

2. LITERATURE REVIEW 
 
A growing literature has conducted the  
behaviour between taxpayers and the 
government. Wang and Conant [2] and Yaniv               
[3] show that how firms balance production 
output and tax evasion to maximize their 
expected utility. In practice, a firm may produce 
pollution during the production of their products 
and/or services, which creates an external cost 
to the environment. In those studies, Baron [4] 
and Wu and Yen [5] assumed that the utility 
function of a representative firm is affected by 
both its profit and corporate social responsibility. 
This paper adopts the perspective of Baron [4] 
and Wu and Yen [5] (i.e., that pollution may be 
emitted during a firm’s product and/or service 
production) and the model introduced by Hsu 
and Tsui [6] (i.e., the optimal air pollution tax and 
subsidy rate model to be used by government 
while considering the spillover effect). Other 
related literature, Slemrod and Yitzhaki [7] and 
Yitzhaki [8] proposed the probability that a 
representative firm is caught for tax evasion to 
express an incremental function representing 
concealed profit. Wu and Yen (2011) proposed 
the concept of firm’s size of tax evasion by 
representing it in the form of “actual profits” and 
“reported profits.” 
 

3. BASE MODEL  
 
Because tax evaders and a government are in a 
game-based relationship, this paper employs the 
W-C-Y model. The model is employed to analyze 
the tax game between firms and government. A 
firm’s actual profit can be represented by the 
following definitional equation: 
 

)()()( QCQRQ                          (1) 

 
Where, R is the firm’s total income, C is the firm’s 
total costs, Q is the production output, and R and 

C are functions of Q. In addition, 0)(' QR , 

0)('' QR , 0)(' QC , and 0)('' QC , indicating 

that the second-order conditions of the profit 
function are a decreasing concave function and 
that the second-order conditions of the cost 
function are an increasing convex function. 
 

3.1 Model Assumptions 
 
This paper assumes that m is the proportional 

tax levied by a government, that 10  m  and 
that a firm confronted with proportional tax may 
evade taxes by reporting a profit lower than their 
actual profit. 

 
Next, this paper assumes that Z is the profit 

declared by the firm; Z  (i.e., the profit 
declared by the firm is less than or equal to its 
actual profit); the government penalty rate is   

(Where, 1 ); the government performs random 
profit-checking; and q is the probability that the 
firm gets caught (an exogenous variable). In 
contrast to previous literature, the concealment 
cost of a firm is defined as a definite integral with 

a lower limit of 0: )s()s(
0

Hdsh
s

 , where s 

is the effort made by the firm regardless of 

whether it is caught for tax evasion ( 01  s ). 
The firm emits pollution during product and/or 
service production; the firm’s expected utility is 
unaffected by whether its pollution emissions fall 

within the standard pollution emissions (


Q ) 

specified by the country’s environmental 

protection unit, and
_~

QQQ  indicates the 

firm’s illegal pollution emissions. Unlike previous 

articles, this paper accounts for
dA , the 

negative psychological effect of h percent of 

firms evading taxes ( 10  h ) on the 

representative firms in a society; thus, the fewer 
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firms that engage in tax evasion, the more moral 
pressure is experienced by representative firms 
when they evade taxes. In addition, this paper 
adds representative-tax-evader concealment 
cost functions for further analyses. 
 
3.2 Taxpayers’ Optimal Solutions in 

Response to Taxes 
 
The first stage involves government formulating 
the most appropriate policy instruments (e.g., tax 
rates, penalties, and maximum pollution emission 
threshold for product and service production 
processes). The second stage entails the 
taxpayers’ optimal solutions given the policy 
instruments employed by the government. A 
representative firm’s expected utility in 
production output and tax evasion can be 
represented as follows: 
 
i) A representative firm’s after-tax profit when it 

successfully evades taxes can be represented 
by the following formula: 

 

)()()(1UA sHZmm            (2) 

 
ii) A representative firm’s after-tax profit when it 

is caught for tax evasion can be represented 
by the following formula:  

 

)()()(1A sHZmm       (3) 

 
This paper proposes the probability (q) that a 
representative firm is caught for tax evasion to 
express an incremental function representing 
concealed profit. 
 
The expected utility function for a representative 
firm caught or not caught evading taxes can thus 
be expressed as follows: 
 

))((

)()()(1)(
_

AUA

QQEVbhA

UqUq Z ,QEU

d 

 
        (4) 

  

Where, ))((
_

QQEV  is the negative effect 

when a firm's pollution emission exceeds
_

Q , and 

b is the firm’s level of concern for the external 
cost created as a result of the pollution emissions 
generated during product and service production. 
The decision to be made by a representative firm 
concerning its production output and tax evasion 
behaviour can be expressed as follows: 

))(()(

)()(1)(
_

A

UA

QQEVbhAUq

UqZ,QU Max

d 






           (5) 

 

s.t.  )()()(1UA sHZmm    
       

)()()(1A sHZmm    
 
The first-order conditions of this decision 
equation can be represented as follows: 
 

0)()1()( UAA
Z   '' UqUqmU      (6) 

 

0
)()(

1()()1(
)( '

AA

UA

















 '

''

'

''
Q EVb

UqmU

m)qUq
CRU




   

(7) 
 

Where, ZU  and QU
 represent a firm’s marginal 

expected utility in reported profit and in its 
production output, respectively. Solving (6) and 
(7) yields a firm’s optimal reported profit ( Z ) 

and production output (
Q ). This paper 

investigates the second-order conditions of a 
firm’s decision-making problems, where  
 

0ZZ U
; 

0U QQ ; and

0)( 2
ZQZZ  UUUΗ QQ . 

 
The perspective of Wu and Yen (2011) and is 
adopted, and it is assumed that a representative 
firm is not concerned with the external cost of its 
pollution emissions during product and service 

production; that is, 0b . Substituting this into 
(7) gives 
 

0
)()(

1()()1(
)(

AA

UA






















''

'

''
Q

UqmU

m)qUq
CRU       (8)  

 
Equation (8) reveals that when marginal revenue 
equals marginal cost, a firm’s reported profit and 
its production output are neutral, a finding that 
supports the Wang–Conant (W–C) proposition. 
 
Applying the first-order conditions to (6) enables 
obtaining the following equation: 
 

 


















)1()(

)(1)(
)(

"

"

qπU

mτmπUτq
CRmU

UA

A

''
ZQ

   

(9) 
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Equation (6) shows that

)()1()( UAA  '' UqUq   which can be 

substituted into (9) to obtain (10). 
 

 )1()()(

)()( '

mτmπrπr

πUτqCRmU

AUA

A''
ZQ




                  (10) 

 

Where, 
)(U

)(U
)(

A'

A''
A







r  and 

)(U

)(U
)(

UA'

UA''
UA







r . 

 

i).Equation (10) demonstrates that when 0b  

and a firm is in equilibrium, then 0)( '' CR , 

which suggests that marginal revenue equals 
marginal costs and that the firm’s reported profit 
and production output have become neutral, 
supporting the W–C proposition (1988). 
 

ii).Equations (7) reveals that when 0b , 

0)( '' CR  is not the optimal production output 

decision. Under this scenario, 0)( '' CR ; 

hence, (10) shows that when a representative 
firm’s coefficient of absolute risk aversion 

decreases, or )()( UAA rr   , 

mm
r

r
A

UA

 



1

)(

)(  ensures that 0ZQU , 

meaning that a firm’s increased production 
output leads to increased reported income and 
decreased tax evasion. Equation (10) thus 
carries the following critical economic implication: 
when a firm emits more pollution than the 
pollution emissions standard set by government, 
the psychological anxiety experienced by the firm 
prompts it to increase its production and thus its 
reported profit, reducing tax evasion. However, 
for this to occur, the following premise must be 
true: “the ratio between the coefficient of 
absolute risk aversion when a firm is not caught 
for tax evasion and that of absolute risk aversion 
ratio when a firm is caught for tax evasion” must 
be greater than “the tax to be paid by the firm for 
each dollar earned minus the tax to be paid for 
each dollar earned then multiplied by the tax 
evasion penalty.” 
 
3.3 Comparative Static Analyses of Firm 

Production Output and Reported 
Profits 

 
This paper uses the implicit function theorem to 
determine the relationships of governmental 

policy instrument variables (  mq,, ) with 

optimal production output and reported profit, 
where mq,τ,  denotes the penalty, 

probability that a firm is caught for tax evasion, 
and tax rate, respectively. Thus, 
 

H

UUUUZ QQZQZQ 




 


                        (11) 

 

H

UUUUQ QZZQZZ 
 





                       (12) 

  

Given that 0)( 2
ZQZZ  UUUΗ QQ

, whether 

(11) and (12) are greater or less than zero is 
determined by the sign of the numerator H. 
 

i) When, 0b , (8) implies that 

0QQZZ  UUU Q
. Accordingly, (11) and 

(12) can be expressed as follows: 
 

H

UUZ QQZ 




 


                                      (13) 

 

0


 Q                                                      (14) 

 

Equation (14) shows that when 0b , changes 
in policy instruments (e.g., tax rates, penalties, 
and probabilities that firms are caught for tax 
evasion) will not change a firm’s production 
output model. Given that 0QQ U  and that 

0H , whether (13) is greater or less than 0 is 

determined by whether ZU  is greater or less 

than 0. 
 

Substituting the penalty τ , the probability that               
a firm is caught for tax evasion q, and the                   
tax rate m into (6) yields the following           
equations: 
 

 )(πUqτZ)(πm)(πUqmU A''A'
Zτ 

(15) 
 

Equation (15) reveals that 0Z U , indicating that 

a firm’s reported profit and tax evasion penalty 
are in a complementary relationship. 
 

  0)()( UAA
Z   ''

q UUmU        (16) 
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Equation (16) shows that a firm’s reported profit ( Z ) and the probability that a firm is caught for tax 
evasion are also in a complementary relationship. Equation (6) shows that

)()1()( UAA ππτ '' UqUq  . Substituting the coefficient of absolute risk aversion                       

[ )()()( ii  '''i UUr  , UAAi , ] into (17) yields (18): 

 

)()1(

)()()()1()(
UA

AUAA




''

''''
Zm

UqmZ

UqmUqUqU




            (17) 

 

 )()()()()1( UAAUA  rZrUqmU '
Zm                  (18) 

 

Because )()( UAA  rr  and Z)(   , 

0ZmU . Equations (15), (16), and (18) reveal 

that the relationship between changes in policy 
instrument variables and a representative firm’s 

optimal reported profit is denoted by 0Z U ; 

that is, 
 

0





 

H

UUZ QQZ

  
 

Where, 

































Q

Z

QQQZ

ZQZZ

U

U

dQ

dZ

UU

UU
, 

0









QQQZ

ZQZZ

UU

UU
H

. 
 
This indicates that when the government 
increases penalties, tax rates, or the probability 
of firms being caught for tax evasion, firms 
increase their reported profits. 
 

ii) If 0b , a firm will be psychologically anxious 
about emitting more pollution than the pollution 
emissions standard set by the government; (10) 

shows that when mm
r

r
A

UA

 



1

)(

)(
,

0ZQU . 

 

In addition, (7) shows that 0Q U . The 

calculations for the two variables are described 
next. 
 

First, the effect of penalties on production output 

can be obtained by substituting τ into (7) as a 
first-order condition: 
  

)()()(            

)()()()()(

A''

A''''

Zππ

πZπ





''2

'
τQ

UqmτCR

UqCRmmqCRmU 1

 
 













0 then , 0 )(  f

0  then,0 )(

Q
''

Q
''





UCR

UCR

i

 if
                      (19) 

 

Equation (19) demonstrates that if the tax 
evaded by a firm is the tax base for calculation of 

the subsequent penalty and 0 )( '' CR , an 
increase in penalty reduces a firm’s production 

output (
0 Q U
). However, if 0 )( '' CR , then an 

increase in penalty increases a firm’s output. In 

practice, 0 )( '' CR  rarely occurs in the long 
term. 
 
Second, the effect of the probability of the 
government performing tax checking (q) on 

production output ( QqU ) is calculated by 

substituting 
q

into (7) as a first-order condition:

)1()()()()(

)()()()()1()()(

''AUA''

''A''AUA''

mτmCRUUCR

CRUmτCRUmUCRU

''

'''
Qq








              (20) 

 





















 Um CR

Um CR

Qq

Qq

 negativeor  positive bemay    then,
1

1
and   0)(

0  then,
1

1
and   0)( f

''

''





If

I
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Equation (20) reveals that the tax evaded by a firm is the tax base for calculation of the subsequent 

penalty; when   0)( '' CR and



1

1
m , an increase in the probability of the government performing 

tax audit decreases a firm’s output capacity ( 0 Q U ). However, when 



1

1
m , an increase in 

the probability of the government performing tax audit may increase or decrease a firm’s output 
capacity. 
 
Third, the effect of tax rate on production output (

mQU ) is calculated by substituting m into (7) as a 

first-order condition: 
 

)()()( 

)()()()()1()(

)()()()1(

''A

A''''A

A''''
Q

ZCRUmq

UqCRCRUmqZ

UqCRCRqZU

''

'''

'
m













                     (21)  

 
Equation (21) can be further modified into the following: 
 

)1()()()(

)()()()()()1(

''A

A''A''''
Q

mτmCRUqZ

UqCRUqCRCRqZU

''

''
m








            (22) 

 
Equation (22) shows that when   0)( '' CR

and



1

1
m , then 0Q mU ; conversely, when

  0)( ''  CR ,and 



1

1
m , then mUQ  may 

be positive or negative. 
 
Equation (22) thus reveals that the condition

 0)( '' CR  alone cannot guarantee whether 

an increase in tax rate has a positive or negative 
effect on production output. 
 
This paper uses the implicit function theorem, 
(6), and (7) to identify the relationships of 
minimal changes in governmental policy 
instrument variables with a firm’s optimal 
reported profit and production output, as 
represented by the following: 
 

H

UUUUZ QQZQZQ 




 


                          (23)  

 

H

UUUUQ QZZQZZQ 
 




                            (24) 

 

Given that 0H , whether (23) and (24)                  
are greater than, equal to, or less than                  
zero is determined by the sign of the numerator 
H. 

The relationship between a firm’s pollution 
emissions and its social responsibility is next 
explored. 
 
iii) The relationship between a firm’s social 
responsibility and its reported profit: 
 

When 0b , 0QQZZ  UUU Q
, 

indicating that marginal revenue equals marginal 
cost and that a firm’s reported profit and its 
production output have become neutral, 
supporting the W–C proposition; that is, 
 

H

UUZ QQZ 




 


                                            (25) 

 

0


 Q                                                            (26) 

 

Equation (10) shows that when 0b , the 
representative firm’s coefficient of absolute risk 

aversion is decreased, or )()( UAA rr   . 

Therefore, mm
r

r
A

UA

 



1

)(

)(  must be true to 

ensure that 0ZQU . This signifies that an 

increase in a firm’s production output will 
increase its reported profit and reduce its tax 
evasion behaviour. In addition, (19)–(22) show 

that when 0b , increases in penalties, the 
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probability of tax audit by the government, and 
the tax rate do not guarantee that firms’ tax 
evasion behaviour will be effectively deterred. 
 
iv) When a firm has a higher social responsibility 
(b), the amount of profit reported by the firm will 

be higher only if mτm
r

r
1

)(

)(
A

UA




; this 

subsequently lowers the firm’s tax evasion 
behaviour, as shown in (27). 
 

Given that 0)()1()( UAA   ''
Z UqUqmU  

(6) 0Zb U , and given that

0
)(

)(1()()1(
)( '

A

AUA

















 '

'

''

''
Q EVb

Uqm

Um)qUq
CRU



   

 

0''
Qb  EVU , the following equation can 

be derived by using 0QQ U , 0ZZ U , and 

0H : 
 

H

UUUU

b

Z QQZbQbZQ 




 

 ， 

 






























 
b

Z
Umτm

r

r

b

Z
Umτm

πr

πr
 

0 and  0  ,1
)(

)π(
   

0 and   0  ,1
)(

)(
 when 

ZQA

UA

ZQA

UA


when

               (27)  
 
Equation (27) reveals that when 

mτm
r

r
 1

)(

)(
A

UA




, an increase in a 

firm’s social responsibility will increase its 
reported profit, reducing its tax evasion 
behaviour. However, when 

mτm
r

r
 1

)(

)(
A

UA



 , an increase in a firm’s 

social responsibility will lower its reported profit, 
increasing its tax evasion behaviour. 
 
v) Regardless of the tax rate, an increase in a 
firm’s social responsibility will diminish its output 
capacity: 
 

H

UU

H

UUUU

b

Q QbZZQbZZQZZb 







 

            

(28) 

Given that 0Qb U , 0ZbU , 0ZZ U , and 0H , 

0


 

b

Q .  

 
Equation (28) demonstrates that when a firm has 

a higher social responsibility ( 0b ), an 
increase in the firm’s production output will result 
in an increase in the negative effect. Thus, when 
a firm has a higher social responsibility, it will 
lower its output capacity to reduce the negative 
effect. 

 
vi) The effect of increased pollution emission 

standards (


Q ) on a firm’s production output and 
reported profit is explored. Equation (6) shows 

that 0_

Z


Q
U . When mτm

r

r
 1

)(

)(
A

UA



 , 

0ZQ U , 0H , 0








Q

Z , and 

0 bEVU '"

QQ
_

 (as shown in (7)), (29) is 

used to determine that 
0








Q

Z . Accordingly, an 

increase in pollution emission standards will 
facilitate raising a firm’s reported profit: 

 








































QQ

QZ

QQQZ

ZOZZ

U

U

dQ

dZ

UU

UU

  
 

0












H

UUUU

Q

Z QQ
QZQQ

ZQ __

                       (29) 

 

vii) Similarly, given that 
0_

Z


Q
U

, 
0ZZ U

, 
0_

Q


Q
U

, 

and 0H , the following equation can be 
derived: 

 

0










H

UUUU

Q

Q ZZ
QQQZ

QZ __                   (30) 

 
which reveals that 

0







Q

Q and that an increase 

in pollution emission standards set by 
government can help increase a firm’s output 
capacity and thereby its production output. 
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4. SUBGAME PERFECT EQUILIBRIUM 
BETWEEN TAXPAYERS AND 
GOVERNMENT 

 
This paper explores the production function of 
representative firms (an exogenous variable) and 
their tax evasion behavior in addition to the 
definitional equations of and causal relationships 
between firms’ tax evasion behavior and the tax 
rates and subsidy rates offered by the 
government to domestic firms engaging in air 
pollution control to reduce external costs caused 
by production. To analyze the two-stage game 
describing the interaction between tax evaders 
and government. In Stage 1 of the game, firms 
identify their optimal production output and air 
pollution emissions, whereas in Stage 2, the 
government substitutes the spillover effect and 
firms’ production output and air pollution 
emissions into the social welfare function to 
determine the optimal tax subsidy rates to be 
offered to firms engaging in air pollution control. 
In the two-stage game settings, when all market 
participants play the tax game while knowing all 
information, backward induction can be used to 
solve the subgame perfect equilibrium between 
firms and government. Calculations can then be 
made to identify the optimal production output 
and air pollution emissions (i.e., Stage 1 
solutions) and determine the optimal tax and 
subsidy rates to be offered by the government to 
firms engaging in air pollution control (i.e., Stage 
2). 
 

4.1 Model Assumptions 
 
Assuming that a firm’s revenue function is 

)(Q iR ; m  is the air pollution tax levied by 

government when a firm emits air pollution that 

exceeds the emission standards; 0D  is the air 
pollution allowed to be emitted during the 
production process, as stipulated by the 

environmental protection agency; ),( ii
max
i DQC



 

is the production cost for air pollution emitted by 
the i

th
 firm when the firm does not engage in air 

pollution control; ),(C iii DQ


 is the i
th
 firm’s 

production cost if it engages in air pollution 

control; and iD


 is the air pollution emitted by the 
ith firm when the firm does engage in air pollution 

control. 0
C






i

i

Q
 and 0

C







i

i

D

, where 

ii DD


  . ),(),(C ii
max
iiii DQCDQ



  denotes 

the cost to a firm engaging in air pollution 

prevention and control. )(g ji D


 is defined as 

the spillover effect of the j
th
 firm’s air pollution 

emissions on the i
th
 firm, where the spillover 

effect causes the ith firm to invest in air pollution 
control (where the cost is 













),(),(C)(g ii
max
iiiiji DQCDQD ).  

 

In particular, 1)(g 


ji D  indicates that the jth firm 

has no spillover effect on the i
th
 firm. Note that 

1)(g0 


ji D  and 0)(g 


ji D ; the smaller )(g ji D


 

is, the stronger the spillover effect becomes. QR
 

is the marginal revenue of the ith firm for 
producing one additional unit of product or 

service; 
max
QC

 and QC
 are the marginal cost of 

the ith firm for producing one additional unit of 
product or service if they do not and do engage 

in air pollution control, respectively; ua
is the 

subsidy rate offered by the government for a firm 

that engages in air pollution control; iν  is the tax 

erosion rate; and )(h 0i DDM 


 is a firm’s 

expected penalty when its air pollution emissions 
exceed the standards (Harford) [9]. 
 

The model introduced in this paper assumes that 
the ith firm’s air pollution concealment cost is 
minimal (close to zero) and that its profit equals 
its revenue plus the government’s air pollution 
control subsidy minus its production costs, air 
pollution control costs, air pollution tax levied by 
the government, and expected penalty for air 
pollution emissions that exceed the standards. 
Accordingly, the objective function that 
maximizes profit for the firm is as follows: 

  

)1()(),(),(C)(g),(C)( h

,

ii0iii
max
iiiijiuiiii

DQ

i νDmDDMDQCDQDaDQQR Max

ii















            (31)  
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4.2 Optimal Decisions for Representative 
Firms 

 

Based on the aforementioned assumptions, 
given that the financial policy instruments (i.e., air 
pollution tax and subsidy rate) are known, and 
assuming that the i

th
 firm is in a perfectly 

competitive market, the first-order derivative 
function describing production output and air 
pollution emission quantity can be solved using 
(31):  
 

0)(g max 




















QQQQ CCDaCR
Q

jiuQi

π
π

            
(32) 

 

0)1()(g 




 



 i
D

jiu
DD

vmCDaC

Di

'
hM

π
π

              
(33) 

 

Through using conventional model settings, the 
second-order conditional derivative functions for 
profit maximization can be formulated: 
 

  0)(g max
QQQQ2

2




 

CCDaCR
Q

jiu

i

QQQQ

π

 

and 01)(g "
h2

2













 


 MDaC

D

jiu
DD

i

  

 

Through taking the total derivative of (32) and 
(33) simultaneously, the following equation can 
be derived: 
 

   
















































 j
D

uu
D

ji

juuji

i

i

DdCadaCDvmd

DdCCadaCCD

Dd

dQ

ZZ

ZZ

'

'max
QQQQ

max
QQQQ

2221

1211

g)(g))1((

g)(g

   

(34) 
 

Where, 

  0)(g max
QQQQ2

2









CCDaCR
Q

jiu
i

QQQQ11

π
Z

, 

01)(g
Q













 



D

CDa jiu12Z

, 

01)(g
Q













 



D
jiu CDa21Z

, 

and 

01)(g "

2

2























 hjiu
DD

i

MDaC

D

π
Z22

.

21122211Γ ZZZZ 
 

Comparative static derivative functions can be 
derived from (34): 
 

0
)1( 12 







 Zν

m

Q ii                           (35) 

 

012 







 Zm

ν

Q

i

i                                     (36) 

 





















D
jiji

u

i

CDZCDZ

a

Q
)(gC)(g 12

max
QQ22

   (37) 

 






















)C(g max
QQ2212

' CZCZa

D

Q D
u

j

i
 (38) 

 

0
)1( 11 










Zν

m

D ii                                 (39) 

  

011 










Zm

ν

D

i

i
                           (40) 

 

Γ

))(g max























D

ji

u

CCD

a

D
11QQ21 C( ZZ

i

               (41) 
 























D

u

j

i

CZCZa

D

D
11

max
QQ21

' )C(g
    (42) 

 

Assuming that the conditions for economic 
stability are established ( 021122211  ZZZZ ), 

the following economic implications can be 
inferred: 
 

i)  Equation (35) reveals that the air pollution 
tax levied by government decreases a  
firm’s output capacity; 

ii)  Equation (39) shows that the air pollution 
tax levied by government reduces a firm’s 
air pollution emissions; 

iii)  Equation (36) indicates that an increase in 
a firm’s tax erosion rate increases its 
output capacity;  

iv)  Equation (40) demonstrates that raising a 
firm’s tax erosion rate increases its air 
pollution emissions; and 

v)  All remaining factors may produce 
dissimilar results according to the signs of 
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the relevant variables, thus indicating no 
constancy in the results.  

 
Proposition 1: Assuming that a firm is in a 
perfectly competitive market, the conditions for 
economic stability will be present when the 
financial policy instruments (e.g., air pollution tax 
and subsidy) are known. In addition, an increase 
in a firm’s tax erosion rate will increase its output 
capacity [Equation (36)]; an increase in a firm’s 
tax erosion rate will cause its air pollution 
emissions to rise [Equation (40)], and the air 
pollution tax levied by government decreases a 
firm’s output capacity [Equation (35)].  
 

4.3 Optimal Decisions for Government 
 
In this section, the backward induction method is 
adopted to investigate how the government can 

formulate the optimal tax policy for controlling 
firms’ air pollution emissions [10]. This entails the 
government setting the optimal air pollution tax 
rate and subsidy rate to maximize the benefits to 
society. These benefits include (i) consumer 
surplus, (ii) producer surplus, (iii) air pollution tax 
levied, and (iv) penalty income from firms whose 
air pollution emissions exceed the standards. 
However, the system also involves the negative 
items of social welfare, including (v) government 
expenditure because of subsidies granted to 
firms that engage in air pollution control, and (vi) 
the external cost ton the society due to because 
of air pollution emissions. 
 
To simplify the calculation process, this paper 
defines the number of firms as N. Accordingly, 
the objective function for the maximization of the 
benefit to society can be expressed as follows: 

 

 

 











































N

1
ii

N

,1

N

1
h

N

1

N

1
ii

N

1
iiW

)( ),Q(),Q(C)(g

)(M)1(),Q(C)(QQ)(QS

i

ii
max
iiiji

jii
u

i
0i

i

ii
i

i

i
m,a

DDCDDa

DDDνmDRPUMax
u

       (43) 





















 ),Q(),Q(C)(g)(M)1( ii

N

,1

N

1
h

N

1

i
max
iiiji

jii
u

i
0i

i

ii DCDDaDDDνm      s.t.              

(44) 
 

i)  Where,  



N

1
ii Q)(Q

i

PU  is the consumer surplus; 

ii)  












N

1
ii ),Q(C)(Q

i

iDR  is the producer surplus; 

iii)  





N

1

)1(
i

ii Dνm  is the air pollution tax levied; 

iv)  





N

1
h )(M

i
0i DD is the penalty income from firms whose air pollution emissions exceed the 

standards; 

v)  













 ),Q(),Q(C)(g ii

N

,1

i
max
iiiji

jii
u DCDDa  is the government expenditure due to subsidies 

granted to firms that engage in air pollution control; and 

vi)  





N

1

)( 
i

iD  is the external cost to society due to air pollution emissions. 

 

If a government uses the air pollution tax exclusively to pay for the subsidy granted to firms that 
engage in air pollution, the objective function for the maximization of the benefit to society can be 
obtained by substituting (44) into (43), producing the following equation:] 
 

  


















N

1

N

1
ii

N

1
iiW )( ),Q(C)(QQ)(QS

i

i

i

i

i
m,a

DDRPUMax
u                  (45)  
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5. SOLVING THE SUBGAME PERFECT EQUILIBRIUM BETWEEN FIRMS AND 
GOVERNMENT BY USING BACKWARD INDUCTION 

 

5.1 Government’s Optimal Subsidy Rate 
 

By taking a first-order derivative of (45) with respect to the subsidy rate and making it equal to zero, 
the following can be obtained: 
 

  




 







 

N

1

'
N

1

i
Q )()C()

Q
()C(R)(U

QQ

i u

i

Di u a

D
I

a
P                               (46) 

 

By substituting 










max
QQQQ C)(g CDaCR jiu

 from (32) and 

1)(g

)1('
h









jiu

i

D

Da

vmM
C  from 

(33) into (46), the following is obtained: 
 




















































N

1

'
'
h

N

1

imax
QQ )(

1)(g

)1(
)

Q
()C()(g

i u

i

jiu

i

i u

jiu
a

D
I

Da

vmM

a
CDa              (47) 

 

Assuming that the “rate of subsidy offered by the 
government to a firm engaging in air pollution 
control” and “firm’s output capacity” are neutral, 
the optimal subsidy rate (an endogenous 
variable) to be offered by the government to firms 
that engage in air pollution control can be 
obtained using (47), as given by 
 

)(gI

))1((I

'

''

ji

hi

u

D

Mvm
a










                        (48) 

 

5.2 Government’s Optimal Air Pollution 
Tax Rate 

 

To identify the optimal tax rate, a first-order 
derivative of (45) with respect to tax rate was 

taken and then equaled to zero, from which the 
following is obtained: 
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Next, 

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
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
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QQQQ C)(g CDaCR jiu

 (i.e., 

a firm’s optimal first-order condition) from (32) 

and 
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C  from (33) are 

substituted into (49): 
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Assuming that “rate of subsidy offered by the government to a firm engaging in air pollution control” 
and “firm’s output capacity” are neutral, (50) can be simplified to the following: 
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Accordingly, the optimal tax rate (an endogenous 
variable) to be levied by the government can be 
obtained from the following: 
  

)1(

)(g1I ''

i

hjiu

v

MDa

m
















                 (51) 

 

By considering the spillover effect, the optimal air 
pollution tax rate and optimal subsidy rate 
models can be inferred and used to verify the 
following proposition: 
 

Proposition 2: Assuming that the government’s 

subsidy rate ( ua ) for firms that engage in air 

pollution control is an exogenous variable, the 

stronger the spillover effect (i.e., the lower )(g ji D


 

is), the greater the tax rate should be. In addition, 

when representative firms’ tax erosion rate ( iν ) 

increases, this is a signal to government that it 
should increase its tax rate to encourage the 
firms to research and develop air pollution control 
technologies, which will subsequently increase 
the spillover effect and enhance the benefit to 
society (

WS ). 

 

6. CONCLUSION 
 

This study investigated game analyses for tax 
evaders and tax-levying governments. In the two-
stage game settings, when all market 
participants play the tax game while knowing all 
information, backward induction can be used to 
solve the subgame perfect equilibrium between 
firms and government. The calculation process is 
divided into two stages; the identification by firms 
of the  optimal production output and air pollution 
emissions, and the substitution of firms’ 
production output and air pollution emissions into 
the social welfare function by government to 
determine the optimal tax and subsidy rates to be 
offered to firms engaging in air pollution control. 
Assuming that firms are in a perfectly competitive 
market and that financial policy instruments (i.e., 
air pollution tax and subsidy rate) are known, 
conditions for economic stability can be 
established. The present study also 

demonstrated that an increase in a firm’s tax 
erosion rate increases its output capacity and air 
pollution emissions, whereas an increase in the 
air pollution tax levied by government decreases 
a firm’s output capacity. 
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